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A REDUCE program is presentedthat calculatesalgebraically the y-dependentpart of the statesassociatedwith the
U(S) D 0(5) D 0(3) chainof groups,familiar fromnuclear-structureproblems.Themethodof solutionis a directimplementa-
tion of theanalytic expressionsgivenby Chacónand Moshinsky.

PROGRAM SUMMARY

Title ofprogram: PHISYM Natureof physicalproblem
Group theoretical ideas and, in particular,states associated

Cataloguenumber:ABFN with theU(S) ~ 0(5)~ 0(3) chainof groupsarewidelyusedto
describepropertiesof nuclei, both within theframeworkof the

Programobtainablefrom: CPC ProgramLibrary, Queen’sUni- interactingboson approximationand of the geometriccollec-
versity of Belfast, N. Ireland (see application form in this live modelsof theFrankfurtgroup.Among themanyprocesses
issue) and propertiesthis chainhasbeenapplied to, prominentare

the low-energy nuclear spectra, Coulomb excitation and

Computer:VAX 8650 medium-energyproton scattering,and the photoabsorptionof
thegiant dipole resonancein deformednuclei.

Operatingsystem:VMS Version4.7
Methodof solution

Programminglanguageused: REDUCE Direct implementationof algebraicexpressionsin ref. [1].

High speedstorage required: dependson the problem,mini- Restrictionson the complexityof theproblem
mum 0.5 Mbytes The available computer memory in combination with the

automatic space allocations of REDUCE is the severest

No. ofbits in a word: 32 restriction in thepresentfull arithmeticversion.This situation
may be alleviated by splitting the calculation into several

ii *

No. of lines in combinedprogram andtestdeck: 261 sma er 5 eps

Keywords:U(5) D 0(5) D 0(3) chainof groups,interactingbo- Typical running time
son approximation,geometricalcollective model, five-dimen- This dependsstrongly on the complexity of the problemand
sional harmonic oscillator, quadrupole vibrations of the Cannot be estimatedin advance.(See the test run output for
nucleus,wave functionsfor y-degreeof freedom,computer-as- specificexamples.)
sistedalgebra,REDUCE

Reference
[1] E. Chacón and M. Moshinsky,J. Math. Phys. 18 (1977)

870.

NATO fellow for the academicyear1987—88. * A moreeffectiveapproachis thepreparationof “bigfloat”
2 On leaveof absencefrom University of Coimbra, Portugal. versions.Work in this respectis in progress.
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LONG WRITE-UP

1. Introduction 2 (d bosons).The usefulnessof such a Flamilto-
nian is manifestedwhen the correspondinggroup

The conceptof symmetrieshas found applica- structureis invoked.A groupdecompositionshows
tions in variousbranchesof physics.In particular, that thereare threedistinct chains,namelyU(S) ~
one of the recent important developmentsin 0(5) ~ 0(3), a five-dimensionalharmonicoscilla-
nuclearphysics has beenthe applicationof sym- tor, SU(3) ~ 0(3), an axial rotor, and0(6) ~ 0(5)
metry ideas and algebraic techniquesto nuclear D 0(3), a y-unstablerotor. Foreachof thesethree
structure[1,2]. In this approachthe Hamiltonian limits, the characteristicwave functionsare eigen-
of the systemis invariant undera certainclassof statesof specific terms of the IBA Hamiltonian.
transformationswhich form a group. Assuming While many examplesof nuclei exist that corre-
such a Hamiltonianand such a group,the power- spond,at leastpartially, to the abovethreelimits,
ful andeleganttechniquesof group theorycan be most often this is not the case.In this case,one
applied.Thesetechniques,however,involve corn- has to diagonalize the IBA Hamiltonian in a
plicated algebraicmanipulations.The degree of truncated space spanned by the states char-
complication is such that in several physically acterizedby irreducible representationsof one of
important cases — like the case of the recently the above chains, preferably the U(S) T 0(5) D

discoveredoctupole-deformednuclei (see, part 1 0(3), which correspondsto quadrupolevibrations.
in ref. [2]) — closed analytic results are still far As an exampleof sucha calculationwe mention
from being producedin spite of the power of the ref. [9] for the low-lying spectrumof ‘68Er.
group theoreticalanalysis.Invariably, one had to Grouptheoreticalideasare not restrictedto the
use numerical analysis to go beyond the limita- IBA model.Indeed,in practicemany phenomeno-
tions of humancapability for algebraicmanipula- logical calculationsof nuclearspectroscopyhave
tion. beencarried out by the Frankfurt group, and it

Recently, however,a new advancedtechnique was soon realized [10,11] that the chain U(S) D
in computationalphysics wasmadeavailablewith 0(5) ~ 0(3) provided the link towardsconnecting
the introductionof symbolic and algebraiccorn- the IBA with the geometricalcollective model of
puter codes like REDUCE [3] and MACSYMA the Frankfurt group. The geometricHamiltonian
[4]. Computer-assistedalgebrais useful to fields of the Frankfurt group extendsthe Bohr vibra-
wherethe scientistis confrontedwith a prohibitive tional Hamiltonian [12] to potential energy
degreeof algebraic manipulations[5—7].It can surfacesnonlinearin the quadrupolecoordinates,
naturallybe of greatassistanceto the field of the thus being able to describerotational and transi-
applicationsof group theory to nuclearphysics. tional nuclei as well. As with the caseof the IBA,

The aim of the presentpaper is to motivate it was realizedthat the statesassociatedwith the
such a developmentby presentinga specific first chainU(S) D 0(5) ~ 0(3) form also the physically
example. In particular, we presenta REDUCE meaningfulbasisfor the diagonalization[10.13]of
programwhich calculatesthe statescharacterized the geometricHamiltonian (for specific applica-
by irreducible representationsof the U(S) ~ 0(5) tions of this method to 238U and 168Er, see refs.
D 0(3) chain of groups. The particular physical [14,15]).
significanceof this chain andits applicationswill The usefulnessof this chain is not restrictedto
be discussedbriefly in the restof the introduction, low-energy static nuclear properties. Indeed,

Much of the group theoreticalwork in nuclear multi-step processessuch as thoseencounteredin
physicshascenteredaroundthe InteractingBoson Coulombexcitationandin medium-energyproton
Approximation(IBA) model [1] andits extensions scatteringanddescribedwith the IBA [16—181,or
[8]. In IBA, one assumesthat thelow-lying excita- the photon absorptionof the giant dipole reso-
tions canbe describedby a Hamiltonian built out nancein deformednuclei — describedeither in a
of bosonswith angularmomentum0 (s bosons)or geometricmodel [19,20] or in the IBA [20] —
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require the use of the statesassociatedwith the malization. For theanalyticalexpressions,we fol-
U(S) ~ 0(5) D 0(3) chain as an ingredient in all low thework of ChacónandMoshinsky[131.
calculations.

Given the importanceof this chain, substantial
effort within the framework of group theory has 2. Statesassociatedwith the U(5) ~ 0(5)~ 0(3)
beendevotedin providingan exactand algebraic chain of groups
determinationof the states characterizedby its
irreducible representations.In fact, four rather As mentioned in the introduction, the states
lengthy papers[21,22,13,23]addressingthis prob- associatedwith the chain U(S) D 0(5) D 0(3) are
lem were published almost simultaneouslyand the eigenstatesof the five-dimensionalharmonic
closedanalyticresultswerepresented.In spiteof oscillator.The labeling of thesestatesis doneby
their closedanalytic form,the y-dependentpart of consideringthe full chain reductiondisplayed in
thesewave functionsis verytediousto bealgebrai- table 1, leading to the four quantum numbers
cally manipulatedby hand.Moreover,thesestates (N, X, L, M}.
were not normalizedandnot orthogonalin some Specifically, N gives the number of phonons
quantumnumbers.The algebraicsolution of the presentin the correspondingstate; it is the senior-
orthonormalization problem was addressedin ity, and L and M are the quantumnumbersfor
several subsequentpublications[24—26],but the the totalangularmomentumandits projectionin
results were mixed from the point of view of the laboratoryframe,respectively.On top of these
enhancingthe efficiency of computationalneeds, four quantumnumbers,a fifth one, relatedto the

The presentstatusis that, in spite of the alge- numberof phonon triplets coupledto momentum
braic nature and of the extent of a successful zero and denotedhereby ~t, is neededto yield a
implementationof group theoretical methodsto fully definedandcompleteset of states.
the problem, numerical computation [15,9,26] is It turns out that a convenientway of spanning
utilized to constructin practicethe statesof the the five-dimensional coordinate space for the
U(S) ~ 0(5) ~ 0(3) chain,a procedurethatnegates harmonicoscillator is to considerthe threeEuler
many of the advantagesof the algebraicmethod, angles9~,i = 1, 2, 3 and the two intrinsic /3 and y
In particular, in the case of IBA, the standard shapevariables[12,13]. The correspondingeigen-
computercode is PHINT [27] which is a FOR- statesare written as
TRAN program. In contrast to the numerical Nit LM
computation,our approachis to developalgebraic
computerprograms for the manipulationof the = F~($)~ ~XA~L(y)[D~*K+ (_)LD~KI
statesof the U(S) D 0(5) ~ 0(3) chain.Among the K�O

many advantages,we mention the full-precision /(1 + ~Ko), (1)
arithmetic particularly suitable for high-power
trigonometricpolynomialswith alternatingcoeffi- where F~(/3) is expressedthrough appropriate
cientsas in the presentcase,the efficient algebraic Laguerrepolynomials[13] and D~*K are the usual
integrationover the ‘y coordinateduring the im- rotation matrices [28]. Notice that N = 2n + A,
plementation of the Gram—Schmidt orthonor- wheren is aninteger.
malization procedureand the easy tabulation of In the presentwork, we are interestedin the
intermediateresults for immediateuse in subse- y-dependentpart of eq. (1). This part is denoted
quentsteps. by ~X~k~L(y) Due to symmetry considerations,

Therefore,in a first step, we presenthere a
REDUCE programwhich calculatesthe y-depen-
dentpart of the statescharacterizedby irreducible TableI

representationsof the U(S) ~ 0(5) ~ 0(3) chainof Group U(S) DO(S) DO(3)DO(2)

groups.In a subsequentpublication,we intend to Quantumnumber N A L M
present the algebraic codesfor their orthonor-
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~AJ(~tL(y) is nonzero for evenvalues of the projec- respect to ref. [13], the redundant factor

tion K as follows: IT~5/42±~/2 in J~°(cos3y) and the (1/li)
in g~3)(y)havebeenomitted here.

K= 0, 2 L for L = even, (2) The wave functions ~~L(~) form a complete
K=2 L—1 forL=odd.

but nonorthonormalset. Symbolic programs for
The analytic expressionsfor the ~‘ty) are their orthonormalization,as well as for evaluating

summarizedin tables2 and 3. Two cases,one for the matrix elementsof potential termsof the form
even angular momentum and another for odd cos’~(3y)will be presentedin a futurepublication.
angularmomentumare distinguished.In the odd
case,oneintroducesan auxiliary evenmomentum
and utilizes correspondingexpressionsfrom table 3. Description of symbolicprogram
2. In table2, notice that thelower index in S,~’(y)
is restrictedto even values,and that ( . .. . At the top level, the calculation of the wave
is the usual Clebsch—Gordancoefficient. With functions 4~”~(y)follows the flow chartin fig. 1,

Table 2
Angular momentumL = even

= ~G~’(y)1~°~’(cos 3y); a + T = L/2, a +2T+3~s= A, 0, T. ~L� 0.

G~’(y)= (—V~)~~ (L—2n,2n, K’, K” ILK)S~’2”(y)S~’(—2y);
K ‘K”

(2r+ K)!(2r — K)! 11/2 k/2~-K/4J A
A ~2—2q . K2

S~~(~)=[ I ~ ( r \(2q_K/2)(~y(fl (cosy) (siny)2 —K/2)~ q \2~i)(4r)! j q=K/2 q

-4- ~ —

F,~4-(cos3y)= (—1)~~~2~/2 ~ C~2’(cos3y)~’~’
— (3

3”o!A!( — )r2~(2g+2T —2r)!(3r)! m,n(~.A. 3~- ~

(—) 4’(t+s)!(2A+ l—2s)!

2~~n!(2A+1)!r!(~+ T — r)!(~ + r — n —2r). ma~(,~ o s!(a — s)!(T — n + .v)!(3r — T + n — s)!(A —

L L
O�n�—; —�A—3g�L

2 2

Table 3
Angular momentumL = odd

‘)=~G~(y)~,”(cos3y); L=L—3,A=A—3.(L=even):

~ g~33(y)=sin3y(b
4-2—&~2)

Kk

i(#’ ±

~cos3y)=(_l)M~2~~2 ~ C,~2(cos3y)~’”
~-=0

3~o!(A+3)!(—)~2’(2~+
2T +1 —2r)!(3r)! m~n(o,A±3.3r—~±,,) (— )‘4’(T + s)!(2A +7—2s)!

= s!(a —s)!(T— n +s)!(3r — r+ n —s)!(A +3—s)!
2~”n!(2X+7)!r!( /5 + T — r)!(g + r — n —2r). maxt,, — rU)

L L+3
O�n�—: —�A—3/5�L

2 2
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START

LevenandL/2<)i—3js<Land~K~<L

OR no ERROR

Loddand(L+3)/2<A—3p.<Land IKI~L—1

K odd

OR yes ZERO

L odd andK = 0

no

phase=l no K < ~ yes KK,

n=O

calIF

available

yes

yes

F~= 0
no

G” no L even, call C

call

x FD

Fig. i.

whereG(G) andF( F) are the functionstabulated such a way that they can be calculatedwith the
in tables2and3. At a secondlevel, the functions sameprocedure(namedF). The sameis true for
G(G), F(F) are calculatedwith the help of S, the coefficientsC and C.
C(C) and DLT (delta function). The wave func- Becauseof the structure of thesefunctions, it is
tion /il.(~) is representedby PHI(lam,mu, L, K). likely that they will be requiredmore than once
The expressionsfor F and F were modified in during the sameREDUCE session.Therefore, their
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repeatedevaluation can be avoided by storing Example2. Case of evenangular momenlumL

them in the operators AS, AG and AF, respec-
tively; this results in an additional savingof time In ref. [9] the IBA was used to calculate the
while computingdifferent functions~(~‘~(y). low-lying spectrumof 168Er. Thiscasecorresponds

The evaluation of the different functions re- to a space of 16 bosons. The calculation was
quires two auxiliary quantities:a tableof factori- extendedup to angularmomentumeight. We pro-
als, which is stored in array FAC and duce here the three ~‘~y) with highest seniori-
Clebsch—Gordancoefficientswhich are computed ties that contribute to the basis of ref. [9]. The
using procedureCG. Finally, the functional de- REDUCE statementsare given in the test run
pendenceof the functions~/~(y) in termsof y is output, togetherwith the correspondinganalytic
controlled using the auxiliary procedureCONy, results.The chosenvaluesfor A and p. correspond
In the presentcase,CONY setsthe dependenceof to the most complicated cases.The rest of the
~sL(~) exclusively in terms of powersof sin(y) contributionsto the basis canbe easily computed
and cos(y). This form will be particularly useful by usinganalogousstatements.
for symbolic integrations involving these func-
tions. Sincein this REDUCE programfull preci- Example3. Caseof oddangular momentumL
sion is kept throughoutthe calculation, the value
returned for a given ‘.(y) correspondsto its Ref. [IS] calculatedthe low-lying spectrumof
actual analytic form. Moreover, the powerfulness 165Er using the geometricalcollective model. Up
of the symbolicmanipulationcan beverified, e.g., to thirty phonons were used to construct the
in the caseof the calculationof the functions G; truncatedbasis.Among the 4~°~(,’y)in this basis,
indeed, oncethe analyticalexpressionsfor S are we produceherethe two contributionswith highest
known, the SUBSTITUTION commandmakesit seniorities.The REDUCE statementsare given in
trivial to computethe functionsG. Noticethat the the testrun output.
G ‘s are expressedas linear combinationsof prod-
ucts of the form S(y)S(—2y)(cf. table 2).
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TESTRUN OUTPUT

2: on time;

EXAMPLE 1 ... ‘1 ..— EXAMPLE 3

10 : phi: 28,8.5 ,4)

2 26 24
5: operator a; . ;495.5~J)43m5~9)~)o(1000742656.51’i(G) — 7661748224.SIN)G)

72 20
6: for o:~0step 2 antol do orate a)1):~pho)10,2,4,i); ?3796318208o51N)G: — 43a97439232oSIN)1) n 51969116160.

18 16 14
10 8 6 415(1) — 4262l236736oS1N)1) 2452O274688oS1N)G) —

0)0) :‘ — )90o(1680,SIN(G) — 4120,515(0) -r 3585.518(1) — 1320.
12 10 8

4 2 9936357184.515(6) + 2806490492.SIN)6) - 938283525oSIN)1)
SIN)6) a 185.515)1: — 6fl/SiRT(70)

6 4 2

8 6 , 66909728,SIN(G) — 4975312.519)6) * 190976.515(1) — 2688))
1)2) :‘ - )4S0SURT)1i5).SIN(1).005)6).)672

0515(G) - 1376oS1N)6) -r
,~/486S,SQXT)3S))

4 2
930.115(1) — 231.SIN)G) -n 16) )/( 7.5585)5)) Tine: 12560 es

2 8 6 11:pho)9,8,5,S);
0(4) :‘ 55.518(0) e)672oSIN)6) — 1648.519(6) 1386oSIN)1) — +56.

2 26
2 - 14X5oSiXT42),SIN(1) .LOS(1).(1108742656.SIN)1 - 7S30012928.

515)6) * 47)),:7
24 22 20

Tje~: 14230 os 518)6) 22347972608m5IN(1) — 39500005376oSIN)~) *

18 16
45556353024o519)1) — 35998569984,515)67 -r 19913177856.

iii EXAMPLE 2 .oi
14 12 10

7:phl(OA,3,8,0); 5174:6) — 7741221696,51N6) n 2092331644.SIN)t)

14 12 8 6 a
)31085.558T(78),COS)6)o)345216o515)6) — 117206SoSIN)6) a 1571544, 382985525.519(6) * 4529B188.SIN)6) — 3194744o515)1)

10 8 6 4 2
SIN(6) — li54010oSIN(6) -r 368450.SIN)6) — 63183.515)6) * 115904oSIN(1) - 1534-()/)l2XoSQRl(35))

2 lone: 0010 ms

4392oSIN)6) — 72))/(46748.S587c165))

Time: 17670 ,,s

8:pho)16,3.8,0);

16 14
)3IS0SQRT(78).)19227648,SIN)6) — 75203904nS15(1) * 120208560,

12 10 8
SIN(S) — 101142828.SIN)6) 480273O5oS1N)0:

6 4 2

02770994.S1N(6( • 1757407oS1N(1) — 102480.519)6) -.

1164) )/(572,S0MT(165))

Tome: 8110 ms

9: phi) 16 4,8 0)

16 14
(350SiRT(78(.(7594752oS1N(6) — 7801881bo5IN(I1( * 213073400.

12 10 8
518)6) — 260926992.519)6) * l63475795o515(G, -

6 4 2
52956256.518(1) * 8256928,SIN(6) - 510720.515)1)

7296) (/)12341472oSQMT)165)

Tiee: 9270 os


